Arithmetic on Groups of Positive Rationals  by Queen, Clifford S.
164
⁄0022-314X/01 $35.00© 2001 Elsevier Science (USA)All rights reserved.
Journal of Number Theory 92, 164–173 (2002)
doi:10.1006/jnth.2001.2703, available online at http://www.idealibrary.com on
Arithmetic on Groups of Positive Rationals
Clifford S. Queen
Department of Mathematics, Lehigh University, Bethlehem, Pennsylvania 18015
Communicated by D. Goss
Received August 14, 2000; published online November 28, 2001
In this paper we develop a theory of unique factorization for subgroups of the
positive rationals. We show that this theory is strong enough to include arithmetic
progressions and the theory of genera in algebraic number fields. We establish
generalizations of both Dirichlet’s theorem on primes in arithmetic progressions
and the theory of genera for Abelian extensions of the rationals. © 2001 Elsevier
Science (USA)
1. INTRODUCTION
This work is an extension of the work done in [10]. It follows from the
unique factorization in the monoid of positive integers that the group of
positive rationals, Q+, is a free Abelian group on the set of prime numbers.
Our objective in this paper is to study the arithmetic of nontrivial
subgroups of Q+. In Section 2 we define and explore the properties of fac-
torial subgroups of Q+. We show that such subgroups have zeta functions
with an Euler product. In Section 3 we study subgroups associated with
algebraic number fields. We also prove a generalization of Dirichet’s
theorem on primes in arithmetic progressions. In Section 4 we specialize to
Abelian extensions and obtain a generalization of the genus theory.
2. FACTORIAL SUBGROUPS
Let Q+ denote the group of positive rational numbers under multiplica-
tion. Since Q+ is free Abelian on the set of prime numbers, P, we have that
a=D
p ¥P
pordp(a)
for any a ¥Q+, where for any prime p, ordp: Q+Q Z is the usual
homomorphism onto the additive group of integers, Z.
Definition 1. A subgroup, H ] {1} of Q+, is called factorial if for any
prime p, pordp(c) ¥H for any c ¥H.
Lemma 1. A subgroup, H ] {1}, of Q+ is factorial if and only if it is free
on a set of prime powers.
Proof. Suppose H is factorial. For each prime p we define a nonnega-
tive integer, ordp(H), by ordp(H) Z={ordp(h): h ¥H}=Im(ordp). There
is an a ¥H such that ordp(a)=ordp(H) and so pordp(H) ¥H. If c ¥H, then
ordp(c) ¥ Im(ordp), and thus ordp(c)=ordp(H) mp, where mp is an integer.
Hence if P0={p ¥P : ordp(H) ] 0}, then c=<p ¥P0 pordp(H) mp. That is to
say, H is free on the set P(H)={pordp(H): p ¥P0}.
Now suppose that H is free on a set of prime powers, {pnp: p ¥P0},
where for each prime p in a subset P0 of P, np is an integer. Then we have
that if c ¥H,
c=D
p ¥P0
pnpmp.
Clearly ordp(c)=npmp for p ¥P0, and so pordp(c) ¥H. L
If H is a factorial subgroup of Q+, then as we saw in Lemma 1,
P(H)={pordp(H): ordp(H) ] 0} is a basis for H, which we call the standard
basis for H.
Example 1. Let H={x2+y2 : x, y ¥Q, x2+y2 ] 0}. In view of the
identity
(x2+y2)(z2+w2)=(xz−yw)2+(xw+yz)2
we have that H is a subgroup of Q+. Further, since any prime p congruent
to 1 modulo 4 is a sum of two integer squares, H is free on the elements of
the sets {2}, {p: p — 1 (mod 4)}, and {p2: p — −1 (mod 4)}. Thus H is
factorial.
Lemma 2. Let S be a family of factorial subgroups of Q+. If
3
H ¥ S
H=K ] {1}
then K is factorial.
Proof. If 1 ] c ¥K, then c ¥H and thus pordp(c) ¥H for every H ¥ S.
Hence pordp(c) ¥K. L
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If H ] {1} is a subgroup of Q+ and H¯ is the intersection of all factorial
subgroups containing H, then, by Lemma 2, H¯ is the smallest factorial
subgroup containing H. We note that the class group CL(H)=H¯/H is the
identity group if and only if H is factorial. A subgroup H ] {1} is called
almost factorial if CL(H) is a torsion group.
Example 2. Let D be a positive integer, thenQ+(D)={a ¥Q+ : ordp(a)
=0, p | D} is a free Abelian group on the primes that do not divide D and
is thus a factorial subgroup of Q+. H=Q+(D)1={a ¥Q+ : ordp(a−1) \
ordp(D), p | D} is clearly a subgroup of Q+(D). It is easy to see that
H¯=Q+(D), and thus CL(H) is isomorphic to the group of units in the
finite ring Z/DZ.
Theorem 1. Suppose H is an almost factorial subgroup of Q+, then H is
factorial if and only if G.C.D.(a, b) ¥H for any two integers a, b in H.
Proof. Suppose H is factorial and a, b ¥H are integers, then for any
prime p we have that pmp(a, b) ¥H, where mp(a, b)=min(ordp(a), ordp(b)).
So G.C.D.(a, b)=<p ¥P pmp(a, b) ¥H.
Now suppose we only know that H is almost factorial and
G.C.D.(a, b) ¥H if a, b ¥H are integers. Let h ¥H and suppose that
ordp(h)=l=ordp(H) ] 0, so that h=p l ef , where e, f are coprime positive
integers prime to p. Since e, f ¥ H¯, there is a positive integer m with
fm ¥H. Thus hfm=p lefm−1 ¥H is an integer. There exists a positive
integer n so that p ln ¥H. Hence G.C.D.(p lefm−1, p ln)=p l ¥H. If c ¥H and
ordp(c)=k, then k=ordp(H) j, j an integer, and thus pk ¥H. L
Let H ] {1} be a subgroup of Q+. As one can see from the proof of
Theorem 1, H¯ is the factorial subgroup of Q+ containing H such that for
each prime, p, ordp(H)=ordp(H¯). So the standard basis for H¯ can be
described as {pordp(H): ordp(H) ] 0}. Let F(H¯)=F be the free Abelian
monoid on the set P(H¯). Set M=H 5 F. Clearly M is a Krull monoid
saturated in its group of fractions H (see [5, p. 31]). It is sometimes but
not always the case that F is a divisor theory forM.
Proposition 1. If H is almost factorial, then F is a divisor theory for M.
Proof. We need to show (see [5, p. 31]) the following:
1. If a, b ¥M and a divides b in F, then a divides b inM.
2. If c ¥ F, then there are elements a1, a2, ..., ak ¥M such that
G.C.D.(a1, a2, ..., ak)=c.
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The first of these is easy because if a, b ¥M and ba ¥ F, then since
b
a ¥H we
have that ba ¥ F 5H=M.
We have already shown in Theorem 1 that if p is a prime such that
ordp(H) ] 0, then there are elements a, b ¥M such that G.C.D.(a, b)
=pordp(H). But this result also follows for any pordp(H) m, where m is a non-
negative integer, since if G.C.D.(a, b)=pordp(H), then G.C.D.(am, bm)=
pordp(H) m. Suppose c ¥ F, then for each prime p we have that ordp(c)=
ordp(H) mp, where mp is a nonnegative integer. If ordp(c) ] 0, then there
are elements of M, ap, bp such that G.C.D.(ap, bp)=pordp(c). For each p,
such that ordp(c) ] 0, there are integers xp, yp such that fp=pordp(c)=
apxp+bp yp. Hence c=<ordp(c) ] 0 fp is an integer linear combination of the
elements of the set S, where S consist of the elements of the various sets
described as follows: Let p and q range over the primes that divide c, then
the sets are {<p ap},{<p bp},{(<p ] q ap) bq : q}, and {(<p ] q bp) aq : q}.
Since fp divides each element of S and any two of the fp are relatively
prime, we must have that c divides each element as well. Hence c=
G.C.D.(S). L
Example 3. Let p, q be two different primes and let H be the cyclic
group generated by pq. Clearly H¯=Op, qP, the free Abelian group on the
set {p, q}. We have that F=F(H¯)=[p, q], the free monoid on {p, q}.
Since M=H 5 F=[pq], the free monoid on pq, F is not a divisor theory
forM.
Let H be a factorial subgroup of Q+ and let n range over the positive
integers. We set
Z(H, s)= C
n ¥H
1
n s
,
where s is a complex number and Re(s) > 1. Since Z(H, s) is dominated by
the series z(s)=;.n=1 (1/n s) it must be absolutely convergent. Two
subgroups H1 and H2 of Q+ are said to be independent if for any prime p,
ordp(H1) ] 0 implies that ordp(H2)=0. Clearly if H1 and H2 are inde-
pendent, then H1 and H2 are independent. With this idea we have a
generalization of the Euler product.
Proposition 2. Let S be a family of factorial subgroups of Q+ such that
any two are independent, then
K=Â
H ¥ S
H
is factorial and
Z(K, s)=D
H ¥ S
Z(H, s).
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Proof. If c ¥K then there are elements ai ¥Hi ¥ S, 1 [ i [ k, such that
c=a1a2 · · · ak. If p is a prime, then it follows from the independence of the
Hj that ordp(c)=ordp(aj) for only one j, assuming that ordp(c) ] 0. Hence
pordp(c)=pordp(aj) ¥Hj ıK.
We note that P(K)=1H ¥ S P(H), a disjoint union. But by the usual
Euler product Z(K, s)=<p ¥P(K) (1−1/p s)−1=<H ¥ S <p ¥P(H) (1−1/p s)−1
=<H ¥ S Z(H, s). L
3. ALGEBRAIC NUMBER FIELDS
Let K be an algebraic number field, i.e., a finite algebraic extension of
the rationals Q. Let I(K) be the group of nonzero fractional ideals of K.
Let Prin(K) denote the group of principal ideals of the form (a), where a is
a totally positive element of K.
Lemma 3. H(K)=NKQ(I(K))=N(I(K)) is a factorial subgroup of Q
+.
Proof. Let p be a prime and suppose that c ¥H(K) such that
ordp(c) ] 0. Let (p)=Pe11 Pe22 · · ·Pekk be the canonical factorization of the
principal ideal (p) in I(K) into a product of prime ideal powers. There is
an ideal A=Pn11 P
n2
2 · · ·P
nk
k B, with ordPi (B)=0 for each i, where
N(A)=c. Thus ordp(c)=n1f1+n2f2+·· ·+nkfk, where fi is the degree
of inertia of Pi for each i. So it follows that pordp(c) ¥H(K). L
It is easy to see that the standard basis for H(K) is {pfp : p}, where fp is
the GCD of the degrees of inertia of the prime ideals of K that divide (p).
Lemma 4. Let H be a subgroup of I(K) containing Prin(K). Then
H=NKQ(H) is a subgroup of Q
+ and
H¯=H(K).
Proof. Let p ¥P(H(K)), then there is an element A ¥ I(K) such that
NKQ(A)=p. By the prime ideal theorem (see [7, p. 166]) there is a prime
ideal P with degree of inertia 1 that is not involved in the factorization of
A such that AP ¥ Prin(K) ıH. Hence NKQ(AP)=pq ¥H, where q is a
prime that does not divide p. So if p=pf, p a prime, we have that
ordp(H)=ordp(H(K)) and thus our result. L
Suppose H is a subgroup of I(K) containing Prin(K). We set cl(H)=
{A ¥ I(K) : NKQ(A) ¥NKQ(H)=H}.
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Theorem 2. I(K)/cl(H) 5 CL(H).
Proof. Consider the map g: I(K)Q CL(H) given as follows: g(A)=
NKQ(A) H for A ¥ I(K). This is clearly a homomorphism and it is surjec-
tive because NKQ(I(K))=H¯. Next g(A) is the identity if and only if
NKQ(A) ¥H; i.e., if and only if A ¥ cl(H). L
We recall (see [4]) that if K/Q is normal and E/K is the maximal
Abelian extension of K so that KE is in the narrow Hilbert class field of K,
then the subgroup H of I(K) corresponding to KE under Artin reciprocity
contains Prin(K) and is called the principal genus of K.
Corollary 1. If H is the principal genus of K, then CL(H) is
isomorphic to I(K)/H.
Proof. According to Fröhlich (see [3]), if H is the principal genus of
K, then H=cl(H) and so our result follows by Theorem 2. L
Suppose K is a finite Galois extension of Q and that, as before, H is a
subgroup of I(K) containing Prin(K). Let H=NKQ(H) and let q be a
character of CL(H). We define q on H¯ as follows: If c ¥ H¯, then
q(c)=q(cH). We next consider the L-function for H¯ associated to q. Let n
range over positive integers, then
L(H¯, q, s)= C
n ¥ H¯
q(n)
n s
,
where s is a complex number with Re(s) > 1. Since L(H¯, q, s) is dominated
by the series ;.n=1 1/n s, it is absolutely convergent. We can also define q
on I(K) as follows: If A ¥ I(K) we set q(A)=q(NKQ(A)). Note that
q(A)=1 if A ¥ cl(H). Of course this gives us a classical L-function; i.e.,
let I(K)+ denote the monoid of integral ideals of K, then we have
L(K, q, s)= C
A ¥ I(K)+
q(A)
N(A) s
,
where Re(s) > 1. There is a relationship between this classical L-function
and the new one we have introduced.
Theorem 3. There is a function G(q, s) analytic and bounded for
Re(s) \ 1 so that if d=[K : Q], then
L(H¯, q, s)=(L(K, q, s))1/d eG(q, s).
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Proof. We evidently have a Euler product for L(H¯, q, s), where if
P(H¯) is the standard basis for H¯, then for Re(s) > 1 we have that
L(H¯, q, s)= D
p ¥P(H¯)
11−q(p)
p s
2−1.
If Log is the principal branch of the logarithm function, then
Log(L(H¯, q, s))= C
p ¥P(H¯)
C
.
n=1
q(pn)
npns
.
If S is the set of primes that split completely in K, then S ıP(H¯) and the
right-hand side of our equation can be written as
C
p ¥ S
q(p)
p s
+h(q, s),
where h(q, s) is analytic and bounded of Re(s) \ 1. However, if T is the set
of prime ideals of inertial degree 1 that are not ramified over Q, then
;P ¥ T (q(P)/N(P)s)=d;p ¥ S (q(p)/p s). Now using the Euler product
for L(K, q, s) and the log function we have that Log(L(K, q, s))=
;P ¥ T (q(P)/N(P)s)+hg(q, s), where hg(q, s) is analytic for Re(s) \ 1.
Thus
Log(L(H¯, q, s))=(1/d) Log(L(K, q, s))+G(q, s),
where G(q, s) is analytic for Re(s) \ 1. L
Corollary 2. If q is a nontrivial character on CL(H), then
L(H¯, q, 1) ] 0.
Proof. If S is the set of primes that split completely in K, then it suffices
to show that ;p ¥ S (q(p)/p) converges. But ;P ¥ T (q(P)/N(P)) converges
(see [7, p. 163]) and ;p ¥ S (q(p)/p)=(1/d);P ¥ T (q(P)/N(P)). L
We are now set to prove a generalization of Dirichet’s theorem on
primes in an arithmetic progression.
Theorem 4. If C0 ¥ CL(H), then the set of prime numbers in C0 has
Dirichlet density (1/hd), where d=[K : Q] and h is the order of the group
CL(H).
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Proof. Let p range over primes, q range over the characters of CL(H),
and C range over the elements of CL(H). Then we have that
C
q
q−1(C0) C
C
C
p ¥ C
q(C)
p s
=h C
p ¥ C0
1
p s
.
If q0 is the principal character of CL(H), then the left hand side of our
equation can also be written as
C
p ¥ H¯
1
p s
+ C
q ] q0
C
p ¥ H¯
q(p)
p s
.
Thus, by the proof of Corollary 2,
C
p ¥ C0
1
p s
=(1/h) C
p ¥ H¯
1
p s
+f(s),
where f(s) is finite at s=1. Now as we already saw in Theorem 4,
C
p ¥ H¯
1
p s
=(1/d)C
p
1
p s
,
and thus we have our result. L
4. ABELIAN EXTENSIONS AND GENUS THEORY
Let K be a finite Abelian extension of Q of conductor F. Then
according to Hasse (see [6]) the principal genus H of K is the set of all
A ¥ I(K) so that (NKQ(A), K/p)=1 for all primes p so that p |F. Here
(d, K/p) is the norm residue symbol at p. If H=NKQ(H), then the
isomorphism between I(K)/H and CL(H) defines the symbols (d, K/p),
p |F, as characters of the finite Abelian group CL(H). Further, based on
the following lemma these characters generate the group of characters of
CL(H).
Lemma 5. Let q1, q2, ..., qk be elements of the character group, Aˆ, of a
finite Abelian group A. If a ¥ A and if qi(a)=1, 1 [ i [ k, implies that a=1,
then the qi generate Aˆ.
Proof. Let T be the subgroup of Aˆ generated by qi. If T ] Aˆ, we view a
nonprincipal character, Y, of Aˆ/T as a non-principal character of Aˆ that is
trivial on T. But by duality there is an element a ¥ A, a ] 1, such that
Y(q)=q(a) for all q ¥ Aˆ. Hence there is an a ] 1 such that qi(a)=1 for
1 [ i [ k, which is a contradiction. L
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Suppose K1, K2, ..., Kk are k different finite Abelian extensions of the
rationals with conductors F1, F2, ..., Fk, so that if K=K1K2, ..., Kk, then
the conductor of K is given by F=L.C.M.(F1,F2, ...,Fk), the least
common multiple (see [9, p. 421]). Let Hj=N
Kj
Q (Prin(Kj)) for 1 [ j [ k
and setH=4kj=1 Hj. Clearly, H¯=4kj=1 H(Kj). IfH={A ¥ I(K) : NKQ(A)
¥H}, then Prin(K) ıH, since if (a) ¥ Prin(K) we have NKKj ((a))=
(NKKj (a)) ¥ Prin(Kj) for each j and thus N
K
Q((a))=N
Kj
Q (N
K
Kj (a)) for each j.
Theorem 5. The group I(K)/H is isomorphic to CL(H).
Proof. We have the obvious homomorphism, g: I(K)Q CL(H), given
as follows: g(A)=NKQ(A) H for A ¥ I(K). Now NKQ(A)=H if and only
if NKQ(A) ¥H, and hence H is the kernel of g. So to prove our result we
only need to show that g is surjective. It will more than suffice to show that
if p ¥P(H¯), then there is a prime ideal P in I(K) such that NKQ(P)=p. To
that end we note that p=pf, where p is a prime and f is a positive integer.
More specifically, f=ordp(H), and if we set fj=ordp(Hj), then evidently
f=L.C.M.(fj : 1 [ j [ k). Let P be a prime ideal in I(K) such that P | (p)
in I(K). Associated to P is a discrete valuation ring OP and a ring homo-
morphism FP from OP into Fp6 , an algebraic closure of the field Fp of p
elements. This homomorphism is constructed by following the canonical
homomorphism of OP onto the residues class field, OP/POP=K(P), by an
embedding of K(P) into Fp6 . We extend FP to a Place (see [2]) from K into
Fp6 2 {.} by setting FP(x)=. if x ¥K but x is not in OP. Restricting FP
to Kj, 1 [ j [ k, gives a Place on Kj with an associated valuation ring, OPj ,
and a prime ideal Pj in I(Kj) (see [2, p. 383]). For each j, FP(OPj ) is the
cyclic extension of Fp in Fp6 of degree fj. We thus have that
FP(OP)=FP(OP1 ) FP(OP2 ) · · ·FP(OPk )
where this is a cyclic extension of Fp in Fp6 of degree f=L.C.M.(fj: 1 [
j [ k). So the degree of inertia of P is f and NKQ(P)=pf=p. L
Now if p is an integer prime such that p |F and C ¥ CL(H), we define
the symbol (C, Kj/p) as follows: If c ¥ H¯ such that C=cH, then set
(C, Kj/p)=(c, Kj/p). This is well defined because if b ¥ H¯ so that
cH=bH, then b=ch, h ¥H, and thus (b, Kj/p)=(c, Kj/p) for p |F and
1 [ j [ k.
Theorem 6. A class C ¥ CL(H) is uniquely determined by the values
(C, Kj/p), p |F, and 1 [ j [ k.
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Proof. It will suffice to show that the {(−, Kj/p) : 1 [ j [ k, p |F}
generates the group of characters of CL(H). If C=cH and (C, Kj/p)=1
for all p |F and all j, 1 [ j [ k, then c ¥Hj for each j. Thus c ¥H and C is
the trivial class. The theorem now follows by Lemma 5. L
Corollary 3. The Dirichlet density of the set of primes in a class of
CL(H) is (1/hd), where d=[K : Q] and h is the order of the group CL(H).
Proof. Here the proof is virtually identical to the proof of Theorem 4.
L
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